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Chapter 2

Statistical & Optimization Techniques

QSAR studies can be broadly divided into two types - regression and classification.
The development of QSAR models essentially consists of the application of statistical
methods to chemical datasets. As such, the statistical and machine learning literature
provides a number of useful techniques. Some techniques are specifically designed to build
classification models whereas others can carry out both classification as well as regression.
In addition to these techniques, a number of methods are available for the optimization
of various parameters and selection of variables required in the model building process.
These can be deterministic methods such as the BFGS algorithm'™* and the Nelder-Mead
simplex algorithm® or stochastic methods such as genetic algorithms®® and simulated
annealing.” This chapter discusses the underlying details of the various modeling and

optimization techniques used in this work.

2.1 Linear Methods

As the title of this section indicates linear methods employ a linear relationship
between the predictor variables and the observed response to develop a predictive model.
In many QSAR problems, structure property trends can be modeled reasonably well
by linear approximations. In general it is observed that physical properties are well
modeled by these types of methods. In the case of biological properties linear models do
not always exhibit good predictive performance. The poorer behavior of linear models
when faced with biological structure property trends is understandable when we consider
the fact that biological properties in general are the result of a number of interactions
that might include absorption, metabolic degradation, excretion and so on. Clearly the
relationship between molecular structure and these factors is complex and in general
nonlinear. However, linear methods are useful as a first step in the modeling process
and, though not always very accurate, the simple interpretation methods that can be
applied to linear models makes up, to some extent, for the lack of predictive ability
for these methods. Though linear methods can be applied to both classification and

regression we focus on the latter application in this section.
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2.1.1 Multiple Linear Regression

A linear relationship between an observation’s response (i.e., observed value) and

its independent variables can be modeled by

Yi =00+ bz + Bozin + ...+ B 6 i=1,2,....n (2.1)
where y; is the response for the i observation and Ti1, Tig, - - -, Ty, are the independent
variables for the i*" observation and n is the number of observations. Bos B - -+ B, are

parameters that are to be estimated. ¢; is the error term and is assumed to be a normally
distributed random variable. Multiple linear regression is a technique by which y, and

By --- By can be estimated. Thus Eq. 2.1 may be written as
@’i = bo + b1$i1 =+ beiQ + ...+ bpxip (22)

where by, by, ..., b, are the estimated values of the parameters in Eq. 2.1. The most
popular algorithm to estimate the parameters is the least squares method which considers
the best fitting straight line to be that which minimizes the square of the error between
the predicted response, j; and the observed response, y;.

Once the parameters have been estimated, the model quality can be ascertained
in a number of ways. Two common measures of model quality are the R? value and the
root mean square error (RMSE). The R? is also known as the Pearson coefficient and
ranges from -1 to +1. The RMSE is defined as

RMSE = \/711 Z (yi — 9;)? (2.3)

Good models are characterized by high value of R? and low values of RMSE. However,
it is well known that R? is not always a good indicator of model quality and in many
cases can be misleading. An alternative to R? is Q% which is obtained by using a leave-
one-out (LOO) cross-validation procedure. That is, the linear model is generated using
the whole dataset excluding one point. The response for this point is then predicted
using the model and this procedure is repeated for all the points in the dataset. The R?
for these predictions is denoted by Q. Though this is more reliable than R?, especially
for small datasets, care should be taken as it has been shown to be a poor indicator
of predictive ability in 3D QSAR'" and 2D QSAR' models. Other indicators of model
quality include the F-statistic and partial F-statistics."
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Individual predictions can be examined by a variety of methods. The simplest
method is to plot residuals (the difference between the observed property and the pre-
dicted value) versus the observed response or index number. In either case a good model
is characterized by a normal random distribution of residuals. Distinct patterns (such as
upward or downward trends) are indicative of heteroscedasity and the dataset must be
reexamined. The residuals may also be examined by making a normal probability plot
(Q-Q plot). If the residuals do have a normal random distribution, this plot will be a
straight line. Deviations from this will indicate shifts in location or scale as well as the
presence of outliers."> When studentized residuals'? are used, residuals lying above 2.0
or below -2.0 are traditionally designated as outliers. Outliers can also be determined by
the use of regression diagnostics such as the Cooks distance and Mahalanobis distance.
Once outliers have been detected the model can be regenerated excluding the outlying

compounds from the dataset.

2.1.2 Robust Regression

An alternative to the multiple linear regression algorithm is to use a robust regres-
sion algorithm. As mentioned above the least squares algorithm attempts to minimize
the squared deviations of the predicted response. This method is characterized by a
breakdown point (a measure of the capability of an estimator to tolerate noisy data)
of 0%. Robust regression utilizes alternative algorithms characterized by much higher
breakdown points. Examples include the least median squares and least trimmed squares
algorithms." The advantage in using a robust regression method is that it uses algo-
rithms that dampen the influence of bad points and attempts to take into account the
whole dataset. Bad (or influential) points will be characterized by high residuals and
thus robust regression combines model building and outlier detection in one operation.
Thus the three-step process of model building, outlier detection, model regeneration is

avoided.

2.2 Nonlinear Methods

Nonlinear methods can be considered a generalization of linear methods. Nonlin-
ear estimation methods do not make any assumptions about the nature of the relationship
between the predictor variables and the response. In general, the relationship must be

specified in parametric form by the user. When considering nonlinear models, distinction
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must be made between intrinsically linear and intrinsically nonlinear models. The for-
mer class of models can be transformed to a linear form and subsequently analysed using
linear methods. Examples of these types of methods include logit and probit regression
models. In the latter case, the nonlinear form of the model cannot be transformed to a
linear form. Examples of this type of model include the general growth model and models
used to determine drug responsiveness and half maximal response. In general, nonlinear
models are essentially optimization problems. That is, the parameters are optimized to
minimize certain criteria. Some approaches to nonlinear regression include least squares,
maximum likelihood and function minimization (quasi-Newton and simplex methods).
In this work we focus specifically on the use of neural network algorithms for
nonlinear classification and regression. Neural network algorithms are a specific class of
nonlinear methods. They differ from traditional nonlinear methods in the representation
of information extracted from the dataset. In contrast to nonlinear methods described
above, neural networks do not represent the relationships within the data in an explicit
functional form. The relationships in the dataset are encoded by a set of connections
between units termed neurons. Methods have been described that attempt to represent
this encoding in analytical form,'® but this is not generalizable to all types of neural net-
work algorithms. Essentially neural network algorithms attempt to mimic the behavior
of a human brain and thus an essential feature of these algorithms is the ability to learn

the relationships present within a dataset. In the words of Haykin'®

A neural network is a massively parallel distributed processor made up of
simple processing units, which has a natural propensity for storing experien-
tial knowledge and making it available for use. It resembles the brain in two

respects:

1. Knowledge is acquired by the network from its environment through a

learning process.

2. Interneuron connection strengths, known as synaptic weights, are used

to store the acquired knowledge.

However, as pointed out by Ripley,"” the above definition excludes a number of neural
network algorithms such as the Kohonen network."”® The neural network literature de-
scribes a large variety of neural network algorithms and Haykin'® provides an extensive

discussion of a variety of neural networks. In this section we focus on the two types
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of neural networks used in this work, viz., feed-forward neural networks and the self

organizing map.

2.2.1 Feed-Forward Neural Networks

The fundamental components of a neural network are neurons. Neurons are es-
sentially computation units that accept an input value and generate an output value.
In this sense, a neuron can simply be considered a mathematical function. The actual
behavior of the network emerges from the connections between the neurons and weights
assigned to these connections.

The neural network models considered in this work are termed 3-layer, fully-
connected, feed-forward neural network models (which is a specific case of the multilayer
perceptron'®). The first layer is termed the input layer and each neuron in this layer
corresponds to the input variables for the model. The second layer is termed the hidden
layer and is responsible for nonlinearly combining the inputs. The final layer is termed
the output layer, and in all the neural network models in this work, contains a single
neuron whose output is the predicted property. The term fully-connected indicates that
all the neurons in a given layer are connected to all the neurons in the next layer. Fig. 2.1
shows a schematic of this type of neural network. Let us now consider the internals of
the network in a little more detail.

The role of a neuron is to accept input values and weights associated with connec-
tions to the neurons in the preceding layer. Essentially, a neuron consists of a function
whose output represents a hyperplane that divides the input space of the neuron into
two regions - an on region and an off region. The function used in a neuron is termed
the transfer function and when this function is linear this interpretation holds exactly.
However, the main reason for the utility of a neural network is that it exhibits the uni-

1920 and to achieve this, the transfer function

versal function approximation property
is generally nonlinear in nature. In this case, the above interpretation still holds to a
good degree. A number of transfer functions have been reported in the neural network
literature and the implementation used in this work utilizes a sigmoidal transfer function

given by
1

0= 1+ exp(— > zw; +b)

(2.4)

where O is the output of the neuron, x; is the output value of the it" neuron in the
preceding layer, w; is the weight for the connection between this neuron and the it

neuron in the preceding layer and b is the value of the bias term. Fig. 2.2 is a graphical
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representation of a hidden neuron. The diagram stresses the fact that the bias term can
be considered as a neuron whose output value is always 1. The value of the bias term
thus represents the weight for the connection between the bias neuron and the hidden
neuron in question.

Fig. 2.3 shows a plot of the transfer function defined by Eq. 2.4. The weights
provide a means for the neural network to assign importance to specific neurons. In the
case of a 3-layer network, weights between the input and hidden layer neurons allow the
network to be configured so that more important input variables will have greater contri-
butions to the hidden layer neurons. It should be noted that in this type of configuration,
the input layer neurons do not utilize the transfer function. Instead, the job of the input
neuron is simply to scale the raw descriptor values to a suitable range (0.05 to 0.95 in
the case of the current implementation). The role of the bias term can be understood
in terms of a hyperplane interpretation of the transfer function. In this interpretation
the bias term plays the role of the intercept term. This view is exact when the transfer
function is linear. In effect the bias term shifts the hyperplane in the input space of a
neuron to obtain an optimal partitioning of the space into on and off regions. An alter-
native view is that the bias term controls whether the neuron output is on (0 or close to
0) or off (1 or close to 1). In the case of a neuron with a sigmoidal transfer function, the
bias term thus controls where on the sigmoidal function the output will lie. When the
output value is close to zero, the neuron will have little contribution to the next layer,
whereas when the output value is high, the neuron will have a significant contribution to
the next layer. In effect, the weights and biases allow the network to learn the features
present in the dataset and the optimal set of weights and biases encode these features
allowing the network to make accurate predictions.

At this point we have described the anatomy of a neural network. The next step
is to obtain a set of weights and biases that will allow the network to make accurate
predictions. The number of weights and biases is defined by the configuration of the
neural network. In the case of the 3-layer network, the number of weights and biases
is defined by the number of input and hidden layer neurons. Intuitively, increasing the
number of hidden layer neurons will lead to a more accurate network. However this will
also lead to overfitting. One rule of thumb used to determine the suitable number of
weights and biases is that the total number of parameters should be less than half the

size of the training set used to build the model,*" that is,
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where ny,ny and no are the number of input neurons, hidden neurons and output
neurons respectively and npggpr is the number of observations in the training set. The
number of neurons in each layer define the architecture of the neural network. Thus, using
the above notation, a 3-layer neural network is said to have a n;—ng—ng architecture.
For all the neural network models reported in subsequent chapters the value of np is set
to 1.

Once the number of parameters have been chosen, the next step is to obtain a set of
optimal parameters. The network is initialized with a set of weights and biases generated
using a combination of generalized simulated annealing and the BFGS algorithm. Then,
each member of the training set is presented to the network. For each member, the
network generates a prediction of the activity or property in question. After each training
sample is presented to the network the prediction error is used to update the weights and
biases. Traditionally the training procedure utilizes the backpropagation algorithm.'®
However, this algorithm is relatively inefficient and hence we use the BFGS quasi-Newton
algorithm.** The important feature of the training phase is that it is supervised. That
is, to train the network, the observed values of the training samples are required. This
is in contrast to unsupervised methods (such as the self-organizing map) that do not
require the observed values of the training set. Once all the examples in the training set
have been presented to the network the process is repeated for a user specified number
of cycles. It is also important to note that since the network is trained using a quasi-
Newton algorithm, the optimized weights and biases depend on the initial configuration.
As a result multiple runs are required to ensure that a representative result is obtained.

As mentioned above, too many parameters can lead to overfitting. In addition, as
training progresses, the training RMSE will continually decrease and after a certain point
the network will start to memorize the noise in the dataset. That is, the network will
overfit the data. To prevent this, cross-validation is used. This procedure uses a portion
of the dataset to measure the performance of the network, in terms of RMSE, at regular
intervals during training. In effect, the cross-validation set acts as a pseudo external
prediction set. Ideally the RMSE for the cross-validation set will smoothly decrease as
training progresses and at one point will start to increase. This point represents the
optimal configuration of the weights and biases and any further training beyond this
point will lead to overfitting. In practice, the cross-validation RMSE does not always
smoothly decrease, but in general, a global minimum does occur. The behavior of the
RMSE values for the training and cross-validation sets are shown in Fig. 2.4. The use of

the cross-validation set allows us to define a cost function which can be used to assess the
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quality of a model by simultaneously taking into account its training and cross-validation

performance. The cost function in the CNN algorithm used in this work is defined as
COSt = RMSETSET —+ 05 X ’RMSETSET — RMSECVSET| (26)

where RMSEr¢pr and RMSEqy gpr represent the RMSE values for the training and
cross-validation sets. The form of the cost function penalizes models that have overfit,
represented by high RMSE for the cross-validation set, and thus characterizes a given
model better than simply considering the RMSE of the training set.

Once a model has been trained, its generalizability is then evaluated by passing
an external prediction set and noting the RMS error. Ideally, one would expect similar
RMSE values for the training, cross-validation and external prediction sets, but in general
this is not the case. This aspect of model assessment is discussed in more detail in

subsequent chapters.

2.2.2 Kohonen Self-Organizing Maps

A Kohonen self-organizing map (SOM) is an unsupervised neural network that
uses only the independent variables of the dataset and is generally applied to classification
problems. The SOM was first described by Kohonen'® in the 1980’s. The use of SOM’s
is widespread and examples of their application include the analysis and prediction of
NMR spectra,*** classification of reactions® and QSAR analysis.”®>®

The SOM can be viewed as an elastic net of points in 2-D, which are molded to
the specific features of the compounds used for training. In this sense, the SOM is also
a dimension reduction algorithm. Training occurs as the SOM’s neurons compete with
each other for selection. At each training iteration, the selected neuron and its neighbors
are modified to resemble the applied example compound.

SOM’s can appear in a variety of forms'® ranging from a square (or rectangular)
grid to a hexagonal array. In this work we use a square configuration. In order that each
neuron has the same number of neighbors, the grid is designed so that it wraps around
the edges, effectively transforming the grid of neurons into a torus. However, for ease of
visualization and discussion we will refer to the arrangement as a square grid.

Each compound in the training set is represented by a vector,

X;= (%’1,%’2, T 7$in> (2-7)
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where n is the number of independent variables employed. Each neuron on the square

SOM grid is also a vector,
Mi = (mil, Mg, -« 7min) (28)

where n is defined above. The neurons on the grid are initialized with random vectors.
The size of the grid is chosen by trial and error, guided by a rule of thumb described by
Chen,* which states that the number of neurons should be approximately one to three
times the number of examples in the training set.

The training process for a SOM is iterative. Each training iteration involves
comparing each member of the dataset to all the neurons in the grid and determining

the grid neuron that is closest, in terms of Euclidean distance,

n

dpq = Z(:Epi —mg;)? (2.9)

i=1

to the submitted neuron. The grid neuron that is most similar to the input vector is the
winner. Then, the winning neuron and the surrounding neurons are modified, according
to this equation:

mat+1) = m(t) + oy (8)[2(t) — mi (1) (2.10)

where ¢ represents training iterations, m,; represents the winning neuron and z repre-
sents the training set member. Here h,;(t) is termed the neighborhood kernel, and it
determines which neurons are neighbors and how such neighboring neurons will be mod-
ified. Neurons that are further away (in a topological sense) from the winning neuron are
modified to a smaller degree than neurons that are closer. The simplest neighborhood

kernel is the bubble function'® *°

(also referred to as a fixed window) which is non-zero
for the neighborhood but zero elsewhere. The map in this work implemented a Gaussian

kernel," defined as

—r. 2
he;(t) = a(t) exp <_W§ff2@3”> (2.11)

where o(t) is the neighborhood radius at time ¢ which monotonically decreases with time.
Thus, the number of neurons considered to be neighbors decreases as training progresses.
The term ||r,—r;|| represents the Euclidean distance between the winning neuron and the
neighboring neuron. Thus, neighbors closer to the selected neuron will undergo a larger

modification than neurons further away from the selected neuron. «(t) is the learning
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factor, and it influences the extent to which a neuron should be modified. Initially,
neurons within a large radius surrounding the selected neuron are considered neighbor
neurons. The radius of the neighborhood is decreased in successive training iterations,
and in the last stages of training only the nearest neighbors of the selected neuron are
modified. The effect of this variable neighborhood function is that in the early stages
of training the neurons are modified on a global scale, which leads to a global ordering.
Near the end of training, the smaller neighborhood results in fine-tuning of the map
features. The neighborhood function thus controls the sensitivity of the map.

The actual modification is controlled by the learning factor, a(t). The learning
factor is a function that monotonically decreases from 1 to 0 as training progresses. Once
a(t) reaches zero, training stops. Kohonen' mentions several ways of modifying a(t),

and the implementation used in this work employs a constant decrement,
a(t+1) =at) —0.01 (2.12)

which implies that after 100 training iterations «(t¢) will be zero. This represents an
upper limit on the number of training iterations.

As mentioned, the result of the training procedure is to create regions of cells on
the map that are similar to each other. After training the neurons can be assigned classes
by determining which training set member is the closest (in an Euclidean sense) to a
given neuron and assigning the class of that training set member to the neuron. Once this
is done for all the neurons, a new observation can be classified by assigning the class of
the closest neuron in the map, to it. An example of this approach to classification can be
found in Chapter 4. An alternative usage is to avoid explicit classification of the neurons
in the map and instead cluster the training set members (as well as new observations).
In this approach one would simply assign observations to neurons based on Euclidean
distance between the members and each neuron. As a result, certain neurons may be
assigned more than one training set member and some neurons will not be assigned
any. The number of members assigned to a given neuron can be used to compute a
density which can then be used to color code the map providing an easy visual display
of the topology of the dataset. An example of this approach is shown in Fig. 2.5, which
represents a SOM trained using a portion of the NCI AIDS dataset.®
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2.3 Algorithmic Methods

Breiman®® categorized a number of statistical methods as algorithmic owing to
the fact that they are essentially model free. That is, these methods do not help us to
understand the relationship between predictor variables and the response by developing
a model relationship. However, their utility lies in the fact that they can be used as black
box prediction methods and usually show good predictive ability for both classification
and regression. There have been a number of applications of algorithmic methods in the
physical and medical sciences.***® This class of modeling techniques includes prototype
methods such as k-means clustering and learning vector quantization®” as well ensemble
methods such as the random forest technique. In this section we describe two algorithmic

techniques used in this work.

2.3.1 Random Forests

The random forest (RF) method was developed by Breiman as an extension of the
decision tree®® technique. Decision trees are non-parametric, nonlinear models that allow
the user to easily understand how or why an observation is classified or predicted. They
have been extensively used in the medical field*>*° as well as in various chemical*" ** and
biological**** applications.

The goal of the decision tree technique is to split the dataset into a tree-like
structure, using a single descriptor at each split point. A variety of algorithms to achieve
this are available and we focus on the recursive partitioning algorithm.*® The dataset
(also known as the root node), D, is first split into two nodes, say D; and Dy, based
on the value of a selected descriptor, say X,. If X, is binary in character then the jth
observation from D is placed in D; or Dy depending on whether the value of X, for the
jth observation, denoted by Xj;, is 0 or 1. In case Xj is real valued, a specific value of X;,
say x; is calculated such that if X;; < z; then the jth observation goes into Dy or goes
into Dy otherwise. The method by which a descriptor is selected is based on a quantity
known as purity. All the available descriptors are considered individually as candidates
for the splitting decision. The purity of a split can be defined in a number of ways. One
possible approach is to define the purity of a split as the fraction of observations, in the
resultant nodes, that will be of a single class. The descriptor that leads to the highest
value of purity will be selected to perform the splitting. Other definitions of the purity
include the Gini index, x? and G2.*® It should be noted that the same descriptor can be

chosen at multiple split points.
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After all the observations have been placed in either one of the nodes, the algo-
rithm considers each node and performs the same operation described above. Thus D,
would be split into two nodes, say D3 and D, and similarly for Dy. A flowchart summa-
rizing the algorithm is shown in Fig. 2.6. If this process is repeated continously, the end
result will be a perfect tree, where each node contains a single observation. Nodes which
cannot be split further are termed leaf nodes. Such a tree will perfectly predict the data
used to build the tree but will be nearly useless for new observations. Thus a perfect
tree will overfit the data. As a result, heuristics are used to determine when the tree
should stop growing. These include specifying a minimum node size, such that nodes
with fewer observations will not be split further. Alternatively, a node is not split, if it
exhibits a purity greater than a certain specified value or the purity does not increase
as a result of the split. Other possibilities include a variety of cross-validation methods.
These heuristics are collectively known as pruning rules and detailed discussions of this
area can be found in the statistical literature.’****” An example of a tree is shown in
Fig. 2.7. The figure represents a decision tree for a hypothetical classification problem.
Three descriptors were available at each split point and the fractional purity measure
was used to select a descriptor at each split. As can be seen, this measure results in each
node, generated by a split, consisting mainly of a single class.

After a tree of the required size (i.e., number of nodes) has been created it can
then be used for predictive purposes by determining in which leaf node a new observa-
tion would belong, and assigning a class based on the majority class of the leaf node
or calculating a property value, by averaging the property values of the observations
contained in the leaf node.

The philosophy behind the the RF method is that the technique is able to provide
high predictive ability by averaging the predictions of a large number of individual deci-
sion trees. In other words, the RF technique is an ensemble method based on forests of
decision trees. The technique is applicable to both classification and regression. The fol-
lowing discussion presents the fundamentals of the RF technique and its use in providing
a measure of variable importance.

Since the RF method is based on decision trees, the features of the latter that
make it an attractive option in the development of predictive models also apply to
RF’s. These features include the ability to handle high-dimensional data, the ability to
ignore irrelevant variables (thus obviating the need of feature selection) and the ability
to provide some measure of interpretability. However one of the major drawbacks of the

decision tree method is its low predictive ability. Random forests, as an extension of the
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decision tree method, exhibit a higher predictive ability coupled with other features such
as an internal measure of accuracy and a measure of variable importance.

Random forests are closely related to other tree based ensemble techniques such
as bagging,”® boosting”® and random split selection.”® The method consists of generating

an ensemble of N trees denoted by
R={T1(X),T5(X),..., Ty(X)} (2.13)

where X is defined as a p-dimensional vector of descriptors. The output of this ensemble
is be denoted by
(Y1, Y5, ..., Yy} (2.14)

where Yl is the output of the i tree. The predicted value reported by the random forest,
}7, is then the majority vote of the N outputs (for classification) or the mean of the N
output values.

The algorithm to build the forest can be described as follows. Consider a training
set, D, of n observations and p independent variables (represented by p-dimensional
vectors). The observations can be categorical (for classification) or real valued (for
regression). A random subset of the training data is selected with replacement and a
decision tree is built using this bootstrap sample. The evolution of the decision tree is
slightly different from the original algorithm described by Breiman®® in that, at each
node m (1 < m < p) descriptors are selected randomly from the descriptor pool. When
m = 1 this is equivalent to random splitting and when m = p this is equivalent to
bagging.”® Using this rule to split nodes, a tree is grown to its maximal size and pruning
is not carried out. Another bootstrap sample is selected and another tree is grown. This
procedure is repeated till the requisite number of trees (V) have been grown. Fig. 2.8
summarizes the steps involved in the creation of a random forest model as a flowchart.

The fact that subsets of the dataset are used to build the forest allows us to
use the observations not used during building (termed out-of-bag or OOB observations)
to obtain a measure of predictive performance. This measure is termed the out-of-bag
estimate® and can be considered a parallel cross validation since it is estimated for each
training step. The OOB estimate is obtained by considering the OOB part of the data
for the it® tree, denoted by DiOOB . The i tree is used to predict the property of the
observations in D?OB . It has been shown®® that on average each tree uses approximately
1 —e ! = 2/3 of the whole dataset and hence the size of DiOOB , is on average 1/3 of

the dataset. This implies that each observation will be in the OOB data about 1/3 of
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the time. Consequently, the OOB estimates can be aggregated to provide an ensemble
prediction for each observation. In the case of regression, this result is an out-of-bag
estimate of the mean square error (MSE) that can be used to approximate the MSE for

the entire ensemble of trees and can be written as®

MSE ~ MSE®P — % Zn: [YOOB(Xi) - Yi] ’ (2.15)
=1

It has been shown®' that the MSE obtained by Eq 2.15 agrees well with the results of a
k-fold cross validation scheme.

In addition to obtaining performance estimates of the random forest, the OOB
dataset also allows us to obtain a measure of importance of the descriptors in the pool
supplied to the algorithm. The measure is obtained by first calculating the predicted
values for the OOB data for a given tree. Next, each descriptor in the OOB dataset is
individually scrambled and predictions are made on the scrambled OOB dataset, for each
scrambled descriptor. This procedure is repeated for all the trees grown in the forest.
After training is complete, the overall OOB estimates (MSE) for the unscrambled and
scrambled sets can be evaluated using Eq 2.15. The importance of the jth descriptor is
then given by

Importance; = MSE — MSE; (2.16)

where MSE represents the OOB estimate for the unscrambled data and MSE; rep-
resents the OOB estimate for the datasets in which the jth descriptor was scrambled.
This procedure allows the ranking of the descriptor used in the random forest in order
of relative importance. Descriptors that play a more important role in the predictive
ability of the model will have a higher value of importance compared to descriptors that
play an insignificant role. The importance measure for each descriptor can be plotted
to allow easy visual inspection as shown in Fig. 2.9. From this figure it is clear that
SURR-5 is significantly more important than the other descriptors owing to its large
separation on the X axis. These plots are used in Chapter 7 to provide a comparison

with interpretation schemes for other types of models.

2.3.2 k-Nearest Neighbor Algorithm

The k-nearest neighbor (KNN) method is very simplistic in nature and assumes
that observations that are close in the space of the predictor variables will be close to

each other in the space of the response variable. This method can be applied to both
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regression as well as classification problems, though when faced with high-dimensional
data, kNN regression does not perform very well.*°

In the case of regression the NN fit for the i observation is defined as

?(xi):% >y (2.17)
)

LBjGNk((E

where Ny, () is the set of k points closest to z;, that is, the neighborhood of z;. Eq. 2.17
simply averages the observed values of the k nearest neighbors of z; to obtain the pre-
dicted response for this observation. From the above discussion, the first step of the kNN
method is to obtain the neighborhood for a given observation. This implies the choice
of a distance metric. The most common metric used is the Euclidean distance, defined
as

(2.18)

dij = ||z —%’H

where z; and x; are the independent variables for the query observation and prospective
neighbor respectively. Other possibilities include the Manhattan distance and Maha-
lanobis distance though the choice of distance metric does not appear to affect the
results significantly.”

In the case of kNN classification, the class of a query observation is simply the
majority class of its nearest neighbors. Fig. 2.10 shows a schematic diagram of the work-
ing of the kNN algorithm. In the figure, the central white point is the query point and
the points connected to it correspond to its three nearest neighbors. In the case of kNN
regression, the property of the query point would be the average of the property of the
nearest neighbors. In the case of kNN classification, the class of the query point would
be the majority class of the nearest neighbors and in this case, the query point would be
classified as blue. As opposed to kNN regression, kNN classification performs reasonably
well when faced with high-dimensional data. This is due to the trade off between bias
and variance. It has been shown® that in the case of a 1-nearest neighbor classifier the
asymptotic error rate is never more than twice the Bayes error rate. It is evident that
this observation considers the asymptotic region and hence assumes that the bias of the
nearest neighbor rule is zero. In real problems (especially high-dimensional cases) this
is not always the case and the bias term can be substantial. Nearest neighbor classifi-
cation implicitly assumes that the class probabilities are approximately uniform within
the neighborhood of the query point. In the case of high-dimensional datasets, this as-

sumption does not necessarily hold and in fact, when the number of dimensions is high
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the class probabilities might vary significantly in a certain direction. One approach to
alleviating this problem is the use of adaptive metrics which modify the distance metric
so that class probabilities in the resultant neighborhoods do not vary significantly. Ex-
amples of such adaptive nearest neighbor methods include that proposed by Friedman®
and the discriminant adaptive nearest neighbor (DANN) rule described by Hastie et al.”

Given a suitable distance metric a kNN algorithm only requires that a suitable
value of k£ be chosen. In many cases setting k to 1 provides reasonably good predictive
performance for classification purposes. In general, optimal values of k are obtained via
trial and error. A more systematic approach is to use a cross-validation scheme to obtain
the best value of k for a given dataset. One example of this approach has been described
by Shen et al.’” in which the value of k along with the selection of variables used for

classification were optimized simultaneously.

2.4 Optimization Methods

Optimization is a fundamental topic in QSAR modeling. In this context, there
are two main applications of optimization techniques. The first involves the optimization
of parameters for a model such as the weights and biases in a feed-forward neural net-
work described previously. The other area where optimization plays an important role
is in the selection process. Here, selection can mean the selection of compounds from a

58760 o1 it can mean the selection

library or design of a library from various components
of descriptors to build models with. In this section we concentrate on the latter form of
selection. As will be described in Chapter 3, the model building process begins with the
generation of a large number of descriptors. In the interests of parsimony, our goal is to
use the minimum number of descriptors to develop a good predictive model. Thus, we
must select good subsets of descriptors. The definition of good depends on the modeling
technique used to build the models after descriptor selection and will be discussed in the
following sections. Though statistical methods exist to perform descriptor selection (or
variable selection as it is termed in the statistical literature) such as stepwise regression,
backward elimination and forward selection, these methods are generally restricted to
linear regression models. However, a more important reason for avoiding these methods
is due to a number of inherent drawbacks which include falsely narrow confidence inter-
vals,®" incorrect p-values, biased regression coefficients that require shrinkage,® severe
problems with collinearity® and so on. Furthermore backward or forward selection algo-

rithms by their nature will ignore certain combinations of variables (since in the former
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case variables removed from consideration are not considered again and in the latter case
variables are based on the current subset that has already been selected). Owing to these
restrictions we avoid statistical selection algorithms and instead focus on optimization
algorithms to carry out descriptor selection.

Optimization methods can be divided into two broad classes: deterministic and
stochastic. Examples of deterministic methods include the BFGS algorithm'™ and the
Nelder-Mead simplex algorithm.” Examples of stochastic methods include the genetic
algorithm® and the simulated annealing algorithm.” The choice of method largely de-
pends on the nature of the solution space. Deterministic methods are preferred in cases
where there is known to be one global minimum in the solution space and when the
dimensionality of the solution space is relatively small. Multiple local minima can exist
and various improvements to the standard algorithms are available to overcome this sit-
uation. When the solution space is very large (or possibly combinatorial in nature) and
may have multiple minima but no distinct global minimum, a stochastic algorithm which
is able to effectively sample the solution space is the preferred option. This does not
imply that a stochastic method cannot be used in the former case. Genetic algorithms
have been used to optimize the weights and biases in neural networks.®> % In the various
applications discussed in this work parameter optimization has been carried out using
deterministic methods whereas descriptor selection has been carried out using stochastic
methods. The following sections describe the principles underlying the genetic algorithm

and simulated annealing and details of their implementations.

2.4.1 Genetic Algorithms

A genetic algorithm is a member of the class of optimization algorithms known
as evolutionary algorithms, which utilize the concepts of biological evolution to develop

efficient optimization strategies.® GA’s have been used widely in the field of QSAR

66-68 59,69, 70

modeling, cheminformatics and chemometrics.”™ The application of genetic
algorithms in this work are focused on their use as efficient tools to search large di-
mensional spaces. More specifically, one application of GA’s in QSAR modeling is to
search a descriptor space to find optimal subsets of descriptors that can be used to build
predictive models. Fig. 2.11 shows a flowchart of the generic genetic algorithm and this
section describes the steps in detail.

As mentioned above, a GA is based on the principles of evolution. As a result

much of the terminology from the field of biological evolution has been adapted for
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use in the field of genetic algorithms. Thus we define an individual as consisting of a
chromosome and an associated fitness value. When using a GA for descriptor selection,
the chromosome is simply a subset of descriptors (of user specified length) chosen from
the descriptor pool that is being searched. A population is defined as a collection of
individuals. The first step of the GA is to initialize the population. This is achieved
by randomly generating a user specified number (usually 40 to 50) of descriptor subsets
of user specified size. Each descriptor subset is used to build a model (which can be a
linear regression model or a CNN model). The root mean square error (RMSE) for each
model is used to determine the fitness of the individual. The implementation used in
this work does not use the raw RMSE value but instead uses a linearly scaled form. The
actual form of the fitness function depends on the nature of the model to be developed.
For linear models the fitness for the i*® individual in the population is defined as

(2.19)

MSE; \ !
Fitness; = (2 — RS”)

RMSE

avg

where RMSE; is the RMSE for the ™ individual and RMSE
the whole population. In the case of CNN models, the fitness function is defined by the

avg 18 the average RMSE for
cost function described in Section 2.2.1. Once the fitness for each individual has been
evaluated, the population is ranked.

The next step is to create a child population. First a mating list is created, which
is of the same size as the current population. Those individuals with fitness greater
than the population average (which from Eq. 2.19 is greater than 1.0) are automatically
placed in the mating list. By definition, this will fill up half of the available slots. The
remaining slots in the mating list are filled by using a roulette wheel selection procedure®
to select individuals from the current population. Once the mating list is created a child
population is then generated by successively selecting two individuals from the mating
list at random and applying genetic operations.

The first operation is termed crossover, and involves the the swapping of portions
of the chromosomes of a pair of individuals. The GA literature describes a number of
variations of the crossover operation.® The current implementation restricts itself to the
single point crossover. In this type of crossover a split point is chosen in the descriptor
subset. Then the descriptors from one side of the split point in the two individuals
are swapped to give rise to two new individuals. This operation is shown graphically
in Fig. 2.12. The figure represents a crossover performed on two individuals having a

chromosome (descriptor subset) of length 5. The split point is chosen at the fourth
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descriptor and the descriptors on the left of the split point are swapped resulting in two
new individuals. The goal of crossover is to generate new individuals that will have the
good features of the parent individuals. That is, if two individuals have a high fitness this
implies that certain parts of their chromosomes (i.e., certain descriptors) are responsible
for their fitness. By combining a portion of the chromosomes of two fit individuals, we
expect that the children will exhibit equal if not better fitness.

The second genetic operation is termed mutation and is performed on a single
child individual. It should be noted that mutation is not performed on all individuals
in a population but is carried out only 5% of the time, mirroring the low frequency
of mutation in biological evolution. In a genetic algorithm the mutation operation is
performed by randomly changing a part of the chromosome of an individual. That is,
a random descriptor within an individual is replaced with a randomly chosen descriptor
from the descriptor pool. This is shown schematically in Fig. 2.13. The goal of the
mutation operation is two-fold. First, random mutations prevent the algorithm from
getting stuck in a local minimum and second, mutations prevent the phenonemon of
premature convergence. This occurs when the algorithm creates very similar (or even
identical) individuals whose fitness is high, but not necessarily optimal. The mutation
operation can also be viewed as a method to maintain diversity within a population,
though this does not entirely solve the problem of premature convergence as noted by
Goldberg.®

With the application of these two operations we end up with a second, child,
population. The fitness of the individuals in this population are evaluated and the
individuals ranked. The second generation population is then created by randomly
selecting individuals from the the top 50% of the previous population and the child
population. Finally, if the best model in the child population is of lower fitness than the
best model from the previous population, the best model from the previous population is
kept in the second generation. With the formation of the second generation population,
the whole process is repeated. This continues for a user specified number of cycles
(usually 1000) and at the end the top ranked individuals (i.e., the top ranked descriptor

subsets and associated RMSE values) are reported to the user.
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2.4.2 Simulated Annealing

Simulated annealing is a generalization of the Metropolis Monte Carlo method™
to optimization problems. The original method was devised as an efficient way to eval-
uate the Boltzmann average of a given atomic or molecular property. The method was
extended by Kirkpatrick et al.” to determine the most stable state of a system. This
modification was based on the physical phenonemon of annealing in which a melt (such
as a glass or metal) is initially at a high temperature and then allowed to cool slowly,
such that at any time, the melt is in thermal equilibrium. As the temperature is de-
creased the atoms in the melt will achieve increasingly ordered states and when the final
temperature (say, room temperature) is reached the configuration of the atoms should
be that of the most stable state.

This modification of the Metropolis method is easily extendable to combinatorial
optimization problems and more specifically for QSAR, feature selection. In terms of
an optimization problem, the temperature term in the simulated annealing algorithm
effectively controls the size of the solution space and the cooling schedule narrows the
space over time, allowing the algorithm to reach the global minimum of the solution
space.

The original algorithm described by Metropolis et al. considered an initial thermo-
dynamic configuration of a system with energy E at a temperature 7'. This configuration
was perturbed and the change in energy, AFE, was evaluated. If the change in energy was
negative the new configuration was accepted and if positive, the configuration was ac-
cepted with a probability equal to the Boltzmann factor, exp(—AFE/kT). This procedure
was repeated a number of times to obtain sampling statistics and then the temperature
was reduced by a small amount. The whole procedure was then repeated till the final
temperature was achieved. In terms of a feature selection problem, the thermodynamic
configuration is replaced by a set of descriptors and the energy is replaced by a cost
function which in the case of the studies presented in this work is either a linear regres-
sion routine or CNN routine. Thus, the algorithm starts out with a random descriptor
subset (configuration), say x, selected from the descriptor pool and the value of the
cost function (which is the RMSE for linear models and Eq. 2.6 for CNN models) for
this descriptor subset is calculated, say C'(z(). Next, the descriptor subset is perturbed
by randomly replacing a single descriptor by a randomly selected descriptor from the
pool. The value of the cost function for this new configuration is then determined, say

C(x). If C(z) < C(x() the new configuration replaces the previous one and we repeat
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the perturbation process. If C(z) > C(z() then a detrimental step has been taken.
The new configuration is accepted with a probability equal to the Boltzmann acceptance
probability, P. If the new configuration is still not accepted, the algorithm replaces the
new configuration with the old one and returns to the perturbation step. The working
of the algorithm is shown schematically in Fig. 2.14. The whole procedure results in
a single, low cost descriptor subset. The algorithm is then repeated with a different
random descriptor subset to build up a pool of low cost descriptor subsets which can
then be investigated in more detail.

The simulated annealing algorithm used in this work is an implementation of
generalized simulated annealing described by Bohachevsky.”>” This method differs
from the classical simulated annealing algorithm by introducing a step size Ar and a
normalized n-D vector v. The vector v corresponds to a set of random perturbations of
the current configuration x. v is obtained by generating a set of random numbers from

N(0,1) denoted by u;,i = 1...n and evaluating

U;
e (2.20)
i1 Y
The new configuration y is then given by
y=x+ Arv (2.21)

which lies in the neighborhood of z. The second modification is that the acceptance
probability P, approaches zero as the configuration approaches the global optimum.
This gives P the form

(2.22)

e

C(z) = Cegy
where C(z) and C(y) are the values of the cost function for the configurations z and y
and C,g is the estimated global optimum. 3 is a parameter that controls the cooling
schedule and corresponds to the effective temperature term, k7', in the Boltzmann factor.
The choice of 3 is important as too small a value will result in a random walk and too
large a value will cause the algorithm to converge to a local minimum. 3 begins with a
small value which allows detrimental steps to be taken relatively frequently. This allows
the algorithm to explore a larger space. As the algorithm progresses, (8 is increased
making the probability of acceptance of a detrimental step lower, thus shrinking the
search space. To determine the initial value of g the algorithm is run for a set number

of iterations and 3 is adjusted until the relation 0.5 < P < 0.9 (where P is the mean
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probability of a detrimental step) is achieved. In the case of the current implementation,
the algorithm is allowed to run for 1000 iterations and for each detrimental step, the
equation

P = exp (—BAC) (2.23)

is solved assuming P = 0.8. Here AC is the difference in the value of the cost function
for the detrimental configuration and the previous configuration. At the end of the
iterations the average value of (3 is taken as the starting value for the actual run. To
prevent premature convergence, (3 is multiplied by 2 every 100 iterations for a maximum
of 50000 iterations. If detrimental steps occur more than 900 times in a row ( is reset

to the starting value and if this occurs twice in a row the algorithm exits.

2.5 Conclusions

In this section I have presented the underlying details of the modeling and op-
timization algorithms used in this work. For each class of modeling technique or opti-
mization technique described here, there is a number of alternatives that have not been
discussed. These include variants of the fundamental neural network model such as the
probabilistic neural network and various types of linear modeling techniques such as
ridge regression, linear discriminant analysis and so on. The QSAR literature has nu-
merous applications of these and other modeling techniques. The field of optimization is
certainly much more detailed than has been described in this chapter and, the literature
describes numerous algorithms and variants that are suited for both general use as well
as for special cases. However, the focus of this work is not on the modeling or optimiza-
tion techniques themselves. Rather, the goal of this work is to develop and implement
techniques that allow us to obtain meaningful knowledge from data using predictive or
descriptive models. The methods described in this chapter allow us to achieve the first
step, namely, the development of the model itself. Subsequent chapters describe various

methods that have been developed to ensure validity and provide interpretability.
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Input Layer

Hidden Layer

Output Layer

Network Output

Fig. 2.1. A schematic diagram of a 3-layer, fully connected feed-forward
neural network

W3 ~— Output

Fig. 2.2. A more detailed view of a single hidden layer neuron. The z;’s represent
the output value of the neurons in the preceding layer and w,’s correspond to the
weights for the connections between this neuron and those in the preceding layer.
b represents the bias term for this neuron.
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Fig. 2.4. A plot showing the variation of training set and cross-validation
set RMSE with training cycle. The global minimum of the cross-validation
curve indicates the training cycle at which the optimal weights and biases
occur
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Fig. 2.5. A clustering of the first 5000 compounds from the NCI AIDS
test dataset® obtained using a SOM. The grid dimensions are 10 x 10
and the neurons are color coded based on the number of compounds that
map to them. Thus black neurons have no members from the training set
mapped to them whereas the white neurons have the maximum number
of observations mapped to them.
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Fig. 2.6. A flowchart illustrating the recursive partitioning algorithm
used to generate a decision tree
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Fig. 2.7. A schematic diagram of a decision tree for a hypothetical clasification
problem. The purity measure used to grow the tree was defined to be the fraction of
a single class in the nodes created by a prospective split. Three binary descriptors,
Xy, X, and X5 were available for splitting and the D,’s correspond to each node.
Nodes Dy, Ds, Dg and Dy represent leaf nodes.



Fig. 2.8. A flow chart describing the working of the random forest algo-
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Fig. 2.10. A schematic diagram of the kNN algorithm
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Fig. 2.11. A flow chart describing the working of a genetic algorithm
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Fig. 2.12. A schematic diagram of the single point crossover operation. The
grids on the left represent the parents and the grids on the right represent the
children formed after crossover. The portion of the chromosomes to the left of
the split point are swapped.

Fig. 2.13. A schematic diagram of the mutation operation
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